We characterize and study the weak reflections of general topological spaces in classes that contain the class of compact spaces and that are contained in the class of θ-regular spaces in terms of extensions and remainders. In particular, we show that there is no such a weakly reflective subclass of topological spaces.
Notation and Terminology
The main source of the definitions of most used standard topological notions and notions related to the construction of the Wallman compactification is A. Császár's book [Cs] . By a space we always mean a topological space. All spaces are assumed with no separation axioms in general. Especially, compactness, paracompactness and their modifications are understood without T 2 or any other separation axiom. Let Ξ be a collection of sets. We denote by Ξ F the family of all finite unions of members of Ξ. A family Ξ is called directed if each element of Ξ F is contained in an element of Ξ. Let X be a space. A filter base Φ in X has a θ-cluster point x ∈ X if every closed neighborhood of x and every element of Φ have a nonempty intersection. We will say that H ⊆ X is a θ n -neighborhood of x ∈ X for n ∈ N if there exist open U 1 , U 2 , . . . , U n such that x ∈ U 1 ⊆ cl U 1 ⊆ U 2 ⊆ cl U 2 ⊆ · · · ⊆ U n ⊆ cl U n ⊆ H. A filter base Φ has a θ n -cluster point x ∈ X for some n ∈ N if every θ n -neighborhood of x meets every element of Φ. We leave to the reader to show that if f : X → Y is a continuous mapping of topological spaces and Φ has a θ n -cluster point x ∈ X then f (x) ∈ Y is a θ n -cluster point of the image filter base f (Φ). For further interesting properties of the θ n -operator the reader is referred to [DG 1 ] and more generally to the other papers of Dikranjan, Giuli and Tholen. Recall that a space X is said to be θ-regular [Ja] if every filter base in X with a θ-cluster point has a cluster point. For the detailed characterization of θ-regular spaces the reader is referred to Janković's paper [Ja] or to some of the author's more recent papers (see the references). Here we mention only a few basic facts regarding θ-regular spaces. For example, compact, paracompact or regular spaces are θ-regular. There are more alternative definitions of local compactness. In this paper we say that a space is (strongly) locally compact if its every point has a compact (closed) neighborhood. Strongly locally compact spaces are θ-regular. A product of any family of θ-regular spaces as well as a closed subspace of a θ-regular space is θ-regular. In Hausdorff spaces, θ-regularity coincides with regularity. A space X is said to be almost compact if every open filter base in X has a cluster point [Cs] .
A filter in a space X is said to be ultra-closed (ultra-open, respectively) if it is maximal among all filters in X having a base consisting of closed (open, respectively) sets [Cs] . By the Wallman compactification of X we mean the set ωX = X ∪{y| y is a non-convergent ultra-closed filter in X}. The sets S(U ) = U ∪ {y| y ∈ ωX X, U ∈ y}, where U is open in X, constitute an open base of ωX (see [Cs] ). We say that a subset A ⊆ X is discrete (in a space X) if for every x ∈ X there is a neighborhood U of x that contains at most one element of A. In particular, since the singletons of the Wallman remainder are closed in ωX, a subset A ⊆ ωX X is discrete in ωX if and only if A is a closed discrete subspace of ωX. If X is a θ-regular space, then every two points x ∈ X, y ∈ ωX X have disjoint neighborhoods in ωX. Conversely, if one splits a compact, or more generally, a θ-regular space K into two disjoint subspaces X, Y (that is, X ∪Y = K, X ∩Y = ∅) such that every two points x ∈ X, y ∈ Y have disjoint neighborhoods in K, then both the subspaces X, Y are θ-regular (see [ ΘReg. Let K ⊆ Top be some class of topological spaces. We say that a space X has a weak reflection in K if there exists a space kX ∈ K and a continuous mapping k : X → kX such that for every Y ∈ K and any continuous mapping f :
is an embedding and we can, for the simplicity, suppose that X ⊆ kX. A subclass K ⊆ Top is said to be weakly reflective [AR] if it is closed under retracts and every space X has a weak reflection in K. One can easily check that weakly reflective subclasses of Top are closed under the products.
Introduction
The problem standing at the beginning perhaps is due to Z. Frolík who -about 35 years ago -in some oral communication mentioned a simple and very natural question but which fascinated some topologists for years: (2) If X contains an infinite family {X n } of closed noncompact subsets such that X n ∩ X m is compact for n = m then X has no weak reflection in compact spaces.
(3) A normal T 1 space has a weak reflection in compact spaces iff itsČech-Stone remainder is finite.
Regarding the weak reflections in compact spaces now all seemed to be done. In 1994 I tried to construct few simple examples of spaces with or without weak reflections in Comp. But all my examples satisfied either the condition (1) or the condition (2). In other words, I was not able to find a space with the infinite Wallman remainder which did not contain a family {X n }. M. Hušek in [ Hu] (in a joint discussion with colleagues from Univ. of Kansas) derived that if the Wallman remainder of X contains an infinite discrete subspace, then X contains a family {X n } and hence has no weak reflection in compact spaces. In [Ko 2 ] I proved a similar result regarding the case that the Wallman remainder of X contains an infinite subspace with the co-finite topology. But the Wallman remainder of any space always is T 1 and it is not very difficult to show that every infinite T 1 space must contain an infinite subspace, which is either discrete or co-finite. Hence in [Ko 2 ] I was able to improve Hušek's results (1) -(3) to the following theorem (but a decent portion of the work were already done by Hušek in his results (1) - (3) 
Between Compactness and θ-Regularity
The spaces having a weak reflection in compact spaces are fully characterized by Theorem 1.2. Nevertheless, new unsolved problems will arise when one replace compact spaces by another classes. M. Hušek proved that the class of compact spaces is not weakly reflective in Top but it is natural to study the weak reflections "below" as well as "above" compactness. In this work we will study the weak reflections of general topological spaces in the subclasses K of Top satisfying Comp ⊆ K ⊆ ΘReg. We will start with a characterization of some spaces that have a weak reflection in θ-regular spaces. At first, we need a "θ-regularization" of any space with some features analogous to the Wallman compactification. We introduce it in the following proposition.
Proposition 2.1. Let X be a space, ϑX = X ∪ {y| y is a non-convergent ultra-closed filter in X with a θ n -cluster point, n ∈ N} be a subspace of the Wallman compactification of X. Then ϑX is θ-regular. In particular, for a θ-regular space it follows ϑX = X. Proof. Let y ∈ ϑX and z ∈ ωX ϑX. Then there exists some θ n -cluster point x ∈ X of of y. Let H be any
n -neighborhood of x and y is ultra-closed. On the other hand, x is not a θ n+1 -cluster point of z. Therefore there exists
. Now, it follows that S(U n+1 ) and S(X cl U n+1 ) are the disjoint neighborhoods of y and z in ωX. Hence, it follows that ϑX is θ-regular. Suppose that X is θ-regular. We show that ϑX X = ∅. Let y ∈ ωX be a non-convergent ultra-closed filter in X. Then Ω = {X G| G ∈ y} is an open directed cover of X. Since X is θ-regular, then for any open directed cover Φ of X there is an open directed cover Ψ of X such that the family cl Ψ (of the closures of Ψ) refines Φ. Now it can be easily seen that for any x ∈ X and n ∈ N there is a θ n -neighborhood H of X such that H ⊆ X G for some G ∈ y. It follows that H ∩ G = ∅, which implies that y has no θ n -cluster point in X and hence y / ∈ ϑX. It follows that ϑX X = ∅.
2
Now we can formulate the theorem.
Theorem 2.2. Let X be a space such that the remainder ϑX X is discrete in ϑX. Then ϑX is a weak reflection of X in θ-regular spaces.
Proof. Let f : X → Y be a continuous mapping, Y be a θ-regular space. Let y ∈ ϑX X. We show that the filter base f (y) has a limit point in Y . Let x ∈ X be a θ n -cluster point of y for some n ∈ N in X. Then z = f (x) is a θ n -cluster point of f (y) in Y . Since Y is θ-regular it follows that f (y) has a cluster pointỹ ∈ Y . Let U be an open neighborhood ofỹ. Then
Since y is ultra-closed, it follows that ei-
It follows that U ∈ f (y) and henceỹ is a limit point of f (y). Now, we putf (y) =ỹ for every y ∈ ϑX X andf (x) = f (x) for every x ∈ X. Suppose that the remainder ϑX X is discrete in ϑX. We only show that then the extension mapping
It follows thatf (S(L)) ⊆ Q which means thatf is continuous at y. Hencef : ϑX → Y is a mapping continuously extending X, so ϑX is a weak reflection of X in θ-regular spaces.
Further interesting properties of ϑX and its relations to ωX will be studied in a separate paper. Note that it is still unknown whether there exists a space X having a weak reflection in θ-regular spaces such that the remainder ϑX X is not discrete in ϑX. The construction that used the author and M. Hušek to get the result in Theorem 1.2 does not work completely for θ-regular spaces (but it works for strongly locally compact spaces as we show in the forthcoming paper).
Example 2.3. Let X be any regular space with the infinite Wallman remainder (one can take X = R with the Euclidean topology, for example). Then X is a weak reflection of itself in θ-regular spaces, but X has no weak reflection in compact spaces.
The next proposition is a modification of Hušek's result (2) in Theorem 1.1 mentioned in the introductory section. It gives a characterization of some spaces having no weak reflection in K. But first we need the following two lemma. In fact, the proof of the second lemma is a reformulation of the essential part of the proof of Hušek's result that we mentioned above. We repeat it briefly only because of completeness. Lemma 2.5. Let X contain an infinite family {X n } of closed noncompact subsets such that X n ∩ X m is compact for n = m and let κ be any infinite cardinal number. Then there exist a compact space Z κ (X) such that X is dense in Z κ (X) and every compact subspace Y ⊆ Z κ (X) containing X has the cardinality at least κ.
Sketch of Proof. For any infinite cardinal κ we define
be a partition of ω with |N n | = ω for every n ∈ ω. The topology on Z κ will be defined transfinitely on κ such that
(1) A neighborhood base of (0, n) is composed of the sets {(0, n)} ∪ (X (C ∪ i∈K X i )) for finite K ⊆ ω and for closed compact sets C in X.
(2) A neighborhood base of (β + 1, n) is composed of the sets {(β + 1, n)} ∪ {V x | x ∈ ({β} × N n ) F } for finite sets F , and for neighborhoods V x of x.
(3) A neighborhood base of (α, n), for α limit, is composed of the sets {(α, n)} ∪ V (β,n) | γ < β < α for γ < α, and for neighborhoods V x of x.
Claim: Let S(δ, k) be either of the following three subsets of
Then S is closed and compact in Z κ . For the proof of Claim, see [ Hu] . Now, let Z κ (X) be the Alexandroff one-point compactification of Z κ and Y be any compact subspace of Z κ (X) containing X. We will prove that Z κ ⊆ Y . If Z κ Y , then there exists the least δ < κ such that for some k ∈ ω we have (δ, k) / ∈ Y .
Then Y ∩ S(δ, k) is closed in Y and hence compact. But, this is a contradiction because Y ∩ S(δ, k) can be only one of the following sets: Regarding the weak reflections, a small modification only of the topology can completely change the situation (cf. with Example 2.3).
Example 2.7. Let X = R and ε be the Euclidean topology on X. Denote M = {1/n| n = 1, 2, . . . }. The family τ 0 = ε ∪ {U M| U ∈ ε} is a base of a Hausdorff but non-regular topology τ on X. In this topology the space X has no weak reflection in θ-regular spaces.
Proof. It is not very difficult to verify that the sequence 1, , . . . . Suppose that Φ has no cluster point in X. Then L ∩ F is infinite for every F ∈ Φ which implies that Φ has a θ-cluster point 0 ∈ X. Therefore, if rX is the weak reflection of X in θ-regular spaces, Φ certainly has a cluster point in rX. But, this is a contradiction to Proposition 2.4.
Proof. Let Z = ωY . Since Z ∈ K it follows that there exists a continuous mapping g :
We will show that X f is θ-regular. Let x ∈ X f and y ∈ kX X f . Then g(x) ∈ Y and g(y) ∈ Z Y which implies that there exist
are open and disjoint neighborhoods of the points x, y ∈ kX. Since kX obviously is θ-regular, it follows that both the subspaces X f and kX X f of kX are θ-regular as well.
2 Theorem 2.9. Let Comp ⊆ K ⊆ ΘReg. Suppose that X has a weak reflection j : X → kX in K. Then X has a weak reflection in θ-regular spaces. Proof. Let M = {S| j(X) ⊆ S ⊆ kX , S is θ-regular }. Denote P = S∈M S and j S = j for every S ∈ M. We define a mapping l : X → P by l(x)(S) = j S (x) = j(x) for x ∈ X and S ∈ M. Obviously, l is continuous. Denote rX = cl P l(X). Then rX is θ-regular because P is a product of θ-regular spaces and rX is its closed subspace. We will show that rX is a weak reflection of X in θ-regular spaces. Let Y be a θ-regular space and let f : X → Y be a continuous mapping. By Lemma 2.8 there exist a θ-regular subspace X f ⊆ kX such that j(X) ⊆ X f ⊆ kX and a continuous mapping g f : X f → Y such that f = g f • j. Obviously X f ∈ M. Let π : rX → X f be the restriction of the X f -th canonical projection π X f : P → X f on rX ⊆ P . The situation is illustrated by the diagram:
We put h = g f •π. Then h : rX → Y is a continuous mapping and for every x ∈ X it follows (h • l)(x) = (g f • π • l)(x) = (g f • π X f • l)(x) = g f (l(x)(X f )) = g f (j(x)) = f (x). Then f = h • l, the diagram commutes, which implies that h is a continuous extension of f over rX.
Hence, l : X → rX is the desired weak reflection of X in θ-regular spaces.
Among others, with Example 2.7 the theorem shows that there is no weakly reflective subclass of Top between compact and θ-regular spaces. Remark 2.11. Since the corresponding constructions (of 2.5, 2.6, 2.8 and 2.9) are compatible with T 1 separation axiom, analogous results to 2.9 and 2.10 hold also for the class Comp 1 of compact T 1 spaces and the class ΘReg 1 of θ-regular T 1 spaces.
